On the basis of Eilenberger theory, surface bound states and spontaneous current are studied in cyclic d-wave superconductors as a broken time-reversal symmetry of superconductivity in cubic lattice symmetry. We discuss how the spontaneous current and the electronic states depend on the orientation of the surface relative to the symmetry of superconductivity. The condition for topological Fermi arcs of zero-energy surface bound states to appear is identified in the complex pairing function of the cyclic d-wave.
Among unconventional superconductivity, the broken time reversal symmetry (BTRS) of superconductivity is an important topic of study, because it has exotic properties, such as zero-energy surface bound states and spontaneous magnetic field by spontaneous current. In most of the previous studies of the BTRS superconductor, the pairing symmetry was assumed to be a chiral p-wave p x ± ip y , considering the cases of the superfluid 3 He A-phase [1] [2] [3] 2 . Therefore, there may be some variety in the types of BTRS. Since the crystal lattice symmetry of PrOs 4 Sb 12 is cubic O h (or more exactly, T h ), the pairing symmetry may be different from the chiral p-wave of Sr 2 RuO 4 . Therefore, it is important that we examine the possibility of a new type of pairing symmetry of BTRS other than the chiral p-wave, and study the properties of the new pairing function to identify the pairing symmetry.
In this study, we consider the BTRS of superconductivity in cubic lattice symmetry. From the classification table of possible pairing symmetries under spin-orbit coupling on the basis of point group theory, [11] [12] [13] as a BTRS state keeping O h symmetric superconductivity, we find k
z in spinsinglet pairing and k xx + ω ± k yŷ + ω 2 ± k zẑ in spin-triplet pairing with ω ± = e ±i2π/3 . The former is cyclic d-wave pairing, and it is stable in weak coupling theory. The latter is nonunitary spin-triplet pairing, and it is not stable in weak coupling theory. Thus, the case of cyclic d-wave pairing is studied here. The possibility of cyclic d-wave superconductivity and its exotic properties have been discussed in the study of BoseEinstein condensation [14] [15] [16] and fermionic superfluidity 17 in cold atomic gases. There, the non-Abelian 1 3 -fractional vortex is also possible in an isotropic atomic gas system. Thus, the BTRS of cyclic d-wave pairing is one of the interesting pairing symmetries for the theoretical study of topological superconductivity.
Studies of the surface state are important to identify the pairing symmetry of unconventional superconductivity. For example, in a d x 2 −y 2 -wave superconductor, the surface bound state depends on the surface orientation, and zero-energy surface bound states appear for the (1,1,0) surface. 18, 19 The characteristic dispersion relation of the surface bound state reflects the pairing symmetry of the bulk superconductivity. In the d xy -wave pairing and the p x -wave pairing, we have flat dispersion of the surface bound states for the (1,0,0) surface. 19, 20 In superfluid 3 He, surface bound states show topological Fermi arcs for the A-phase and a Majorana cone for the B phase. 2, 3 Therefore, studies of the surface bound state are also necessary for the complex pairing function of cyclic d-wave superconductivity.
The purpose of this study is to clarify the properties of surface bound states in a cyclic d-wave superconductor, as another example of the BTRS state, on the basis of Eilenberger theory. Since the structure of surface bound states depends on the relative angle of the surface and the pairing symmetry, we study the surface-orientation dependence of spontaneous current and electronic states in the surface bound state. We also discuss the condition under which the zero-energy surface bound state appears in the cyclic d-wave superconductivity.
In our study, wave numbers are denoted as (k a , k b , k c ) for crystal coordinates. Under an O h crystal field, we assume the pairing function to be the cyclic d-wave given by
, k is mapped on the Fermi sphere and normalized as k • rotation around the
In the calculation of the surface state, we use the coordinates (k x , k y , k z ) and (x, y, z), where the x-axis is fixed to be perpendicular to the surface at
Surface states are calculated on the basis of Eilenberger theory, following the method used to study the surface states of superfluid 3 He. 2 Since we consider the case of spin-singlet pairing here, the transport-like Eilenberger equation is reduced to the 2 × 2 matrix form
for quasi-classical Green's functionŝ
with the normalization conditionĝ 2 = −π 21 . ω n is the Matsubara frequency. We consider the case where an external magnetic field is not applied. For simplicity, we neglect the contribution of vector potentials. The pair potential takes the general form
We treat ∆ + as the dominant component and ∆ − as the induced component near the surface, so that ∆ − = 0 and ∆ + is a bulk value when x → ∞. Since we assume a spherical Fermi surface, the normalized Fermi velocity is v = k. We assume that the surface condition is specular, and a quasi-
We solve the Riccati equation derived from the Eilenberger equation [Eq. (2)], and obtain the quasi-classical Green's functions. Energy, temperature, and length are in units of πk B T c , T c , and ξ 0 = v F /2πk B T c , respectively. The pair potential is calculated by the gap equation
where · · · k indicates the Fermi surface average. λ 0 = N 0 g 0 is the dimensionless pairing interaction defined by the cutoff energy ω c as 1
n . We carry out calculations using the cutoff ω c = 40k B T c . The calculations of Eqs. (2) and (5) are iterated at T = 0.2T c until self-consistent results are obtained.
The current density of spontaneous current is given as
and produces the spontaneous magnetic field. j 0 = 8πeN 0 /c, and N 0 is the density of states at the Fermi level. The total current of the surface bound states is given by the integral
The local density of states (LDOS) is obtained as
where we use the solution of the Eilenberger equation [Eq.
(2)] for the real energy E in the self-consistently obtained pair potential. We use a small smearing of η = 0.007. N(E, k, r) is the k-resolved LDOS. First, in Figs. 1(a) and 1(b), we present the self-consistent solution of the pair potential and spontaneous current for some surface orientations. At the surface region, when the length is of the order of the coherence length, ∆ + is sup- To confirm how the surface state depends on the surface orientation, in Fig. 1(c) • . However, the total current |J total | monotonically increases until φ = 45
• . This is because the surface region in which spontaneous current appears becomes wider as φ approaches 45
• , as seen in Fig. 1(a) . Along (1,1,0)-(1,1,1), |∆ ± (x = 0)| and current decrease. For the (1,1,1) surface of the point node direction, ∆ − (x = 0) = 0 and J(x) vanishes. In order to understand the flow of spontaneous current J, we consider the surface current in a large spherical superconductor of cyclic d-wave pairing. As in Fig. 1(d −1, 1) . 17 The spontaneous current at the surface is induced by the change in the angular momentum of Cooper pairs when they are reflected at the surface. By summing the spontaneous currents around neighboring point nodes, J is enhanced at (1,1,0) and the equivalent positions. On the other hand, at (1,0,0) and the equivalent positions, J is canceled to zero by summing neighboring spontaneous currents. These current distributions may be reflected in the spontaneous magnetic field distribution that is expected to be observed.
Next, we discuss electronic states at the surface. In Fig. 2 , we present the LDOS N(E, x = 0) for some cases of surface orientation. The LDOS is expected to be observed by tunneling spectroscopy at the surface. For the (1,0,0) surface with (φ, θ) = (0, 0), surface states have the same electronic states as those in the bulk. There, N(E) ∝ E 2 at low E owing to point node excitations. The gap edge at E ∼ 0.8 comes from the maximum of (1, 0, 0) . The hump at E ∼ 0.4 corresponds to the saddle points of
With increasing φ from (1,0,0) to (1,1,0) , low-energy surface bound states appear, including zero-energy states. The peak at E ∼ 0.8 decays, and a new peak appears at E ∼ 0.5. In the cases of surface orientations (φ, θ) = (45
• , 25 • ) and (45
• , 45 • ), the LDOS N(E, x = 0) has high intensity at low energy, because both ∆ + (x = 0) and ∆ − (x = 0) are largely suppressed at the surface.
In order to understand the structures of the surface bound state and spontaneous current, we study the surface orientation dependence of the k-resolved LDOS N(E, k, r) at the surface x = 0, as presented in Fig. 3 , to examine the dispersion relation of surface bound states. For the (1,0,0) surface with (φ, θ) = (0, 0), the surface state is the same as the bulk state. Thus, N(E, k, x = 0) shows the gap structure of the pairing function |∆ + φ + (k)|. In the panel for k z = 0, we see the maximum of the gap |∆ + φ + (k)| to be E ∼ 0.8 at k y = 0, ±1, and the saddle point energy E ∼ 0.4 at k y = ±1/ √ 2. In the panel for 
3), they appear at E > 0 (E < 0) for k y > 0 and at E < 0 (E > 0) for k y < 0. Since a negative E indicates an occupied state, the imbalance of negative E states of k y > 0 and k y < 0 induces the spontaneous current. Since the contribution of the negative E state of k y > 0 at k z < 1/ √ 3 is stronger than that of k y < 0 at k z > 1/ √ 3, this difference causes the spontaneous current to flow in the positive y direction.
When the surface orientation changes from (1,1,0) to (0,0,1) upon increasing θ at φ = 45
• , the flat dispersions in Fig. 3(c) become dispersive, as shown in Figs. 3(d) and 3(e). We see the reconnection of the dispersion curve between θ = 0 and 25
• in panels for k z = 1/(2 √ 3) and 0.75. The reconnection also occurs between θ = 25
• and 45
• in the panel for k z = 0. Zero-energy states appear at k y = 0 in the upper three panels in both Figs. 3(d) and 3(e), indicating flat dispersion on part of the line k y = 0. In Fig. 3(e) , we also see zero-energy states at k y 0 in the panels for k z = 0 and k z = 1/(2 √ 3). Lastly, we discuss the condition of k for zero-energy surface bound states to appear in the complex pairing function of cyclic d-wave superconductivity. We define the phase ϕ in of the pairing function before reflection at the surface as
As the condition under which the zero-energy surface bound states in Fig.  3 are well explained, we find the relation
i.e., the π-phase shift ϕ ref − ϕ in = π (mod 2π). 19 Equation (9) can be applied even when
Wave numbers k satisfying Eq. (9) are presented in Fig.  4 . These topological Fermi arcs are terminated at the point node directions. 3). These well explain the wave numbers of the zero-energy states in Figs. 3(d) and 3(e) .
In summary, we studied the surface orientation dependence of the surface states in the cyclic d-wave superconductor, as an example of the BTRS state in cubic lattice symmetric superconductivity. There, spontaneous currents flow around each point node direction if we prepare spherical samples. We also identified the condition under which topological Fermi arcs of zero-energy surface bound states appear in cyclic dwave superconductors. These are useful results for studying new types of BTRS superconductors other than those with chiral p-wave pairing.
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